The Dual Reciprocity Method (DRM) is a class of boundary element techniques wherein, the domain integral resulting from the non-homogeneous terms in Poisson type equations is transferred to equivalent boundary integral by using suitable approximation functions. The use of radial basis functions (RBF) as approximating functions for this purpose has several advantages over conventional interpolation techniques. In this work the convergence property of RBF, for two dimensional problems, is examined numerically. The interpolation error is quanti ed for a particular test function and the local behavior of the RBF is illustrated. The RBF are then used for approximation in DRM to solve non-linear Poisson type equations and the results are compared with known exact solutions. The close agreement of the numerical solution to the exact solution, for a uniform mesh re nement, demonstrates the convergence properties of the RBF and the accuracy of their use in DRM.
Introduction
The Boundary Element Method (BEM) is an alternative numerical technique for solving partial di erential equations (PDE). Good introductory discussion on this subject can be found in 1], 2], 3]. In this technique the PDE is converted to an equivalent integral equation whose discretized form yields the solution. For linear problems, the dimensionality is reduced because only the boundary integrals need to be discretized. Hence the technique has been widely used in the solution of Laplace equation, Helmholtz equation, linear di usion-reaction equation etc., in domains of irregular geometry and also with non-uniform boundary conditions. Extension of this method to problems where a linear operator (with constant coecients) acts on a non-homogeneous source term is an area of current research. Here, only the linear part of the PDE is transferred to the boundary while a domain integral corresponding to the non-homogeneous part remains in the formulation. Therefore the reduction in the dimensionality is not achieved. The Dual Reciprocity Method (DRM) is a technique by which the domain integral is transferred to an equivalent boundary integral by using suitable approximating functions 4], 5]. This technique is essentially an extension of thè particular' solution method, well known in the solution of Poisson type equations.
The approximating functions for DRM can be constructed in several ways. In the engineering community, the function 1 + r k , is widely used for this purpose (1) where x and y are the positional coordinates. Such functions are called the radial basis functions (RBF) and several researchers (for example, 9], 10], 11]) have used them in the context of multivariate interpolation. The interpolation using RBF involves a single independent variable r k as opposed to the use of multiple spatial variables, regardless of the dimension of the problem.
In the past, the choice of approximating functions in DRM has been largely empirical 5], 12] and the lack of sound theoretical basis behind their selection has been the major criticism for DRM. This is mainly because the theory of approximation by RBF and the integral equations literature have been non-intersecting. Recently, Yamada et al 13], Yamada and Wrobel 14] , and Golberg and Chen 15] have tried to link the two literature by using the theory of RBF to provide a mathematical foundation for DRM.
In the present work, the convergence and the local properties of some RBF are examined numerically, to provide an insight into the choice of approximating functions in DRM for 2D problems. In particular, the properties of the thin plate spline as used in DRM is examined. The error involved in transforming the domain integral to an equivalent boundary integral is also examined. Further, the convergence of the DRM for Poisson type equations is shown for a uniform grid of interpolation points. Among several available choices of RBF, the frequently used distance function 1 + r k , the thin plate spline r 2 k ln (r k ) and the scaled linear function 1 + r k =R, where R is a constant, are studied systematically in this work.
The paper is organised as follows: In Section 2, the mathematical formulation of the DRM is discussed. The choice of RBF is discussed in Section 3 and the selected RBF are analyzed in Section 4. In Section 5, di usion-reaction problems (both linear and non-linear) are solved using DRM with RBF approximation and compared with exact solutions.
RBF approximation in DRM
The Poisson type equation is expressed as, u = f(x; y; u) in (2) where, denotes the Laplacian operator, f(x; y; u) is a function of the positional coordinates x; y and the dependent variable u, and is the domain of the object Figure (1 (3) still remains and in the BEM, this integral can be evaluated by dividing the domain into small cells. The motivation behind DRM is to avoid this procedure by transforming the domain integral to an equivalent boundary integral. This is achieved by expanding the function f(x; y; u) in terms of RBF at some chosen number of boundary (N) and internal (L) nodes in the domain. These nodes are referred to as the interpolation nodes. The function f can then be expressed as, f(x; y; u) = N+L X k=1 k k (6) where k represents the interpolation function from a eld node to an interpolating node and k , the corresponding interpolating coe cient. The essential feature in DRM is to express k , which is a function of r k , as a Laplacian of another function k . Thus k is chosen as the solution to: k = k (7) With this substitution for f(x; y; u), and by applying the Green-Gauss theorem once again, the domain integral in the RHS of Equation (3) 
3 Choice of RBF
The RBF, in general, can be classi ed into two broad categories: zero parameter functions such as the linear function, r k , the cubic, r 3 k , the thin plate spline, r 2 k ln (r k ), etc. one parameter functions such as the Gaussian, exp(?r 2 k =R 2 ), the multiquadric, (R 2 + r 2 k ) 1=2 , etc., where R is a user de ned constant. In this study, two zero parameter functions (1 + r k ), r 2 k ln (r k ), and a one parameter function (1 + r k =R) are investigated for their convergence and local properties. There are many empirical ways in which R can be selected, for example, R = 0:85 d min 16] , where d min is the average of the minimum distance for each interpolation point. To avoid empiricism, R = d min is chosen in this study. After several numerical experiments, Partridge et al 5] conclude that 1 + r k is a versatile interpolating function for DRM approximation. But, Franke 9 ] prefers the thin plate spline (originally discovered by Harder and Desmarais 17]) over several other RBF in the context of multivariate interpolation, for its superior performance without any empirical parameters. Further, Golberg and Chen 15] contend that, in 2D, the thin plate spline, when applied to DRM approximation for non-homogeneous boundary value problems, has optimal interpolation properties. In this work the interpolating properties of the frequently used linear function and the thin plate spline are compared. 
Evaluation of RBF
For each of the RBF discussed above, the condition number of the interpolation matrix and the error involved in predicting the value of a test function f at non-interpolating points are computed. Also, the overall error in the DRM approximation in the conversion of the domain integral to corresponding boundary integral is also calculated as a function of number of interpolation nodes. In this study, uniform meshes (equi-spaced grid points) are used to perform the interpolation as this strategy provides a common basis for comparing di erent basis functions. The evaluation of RBF under non-uniformly placed meshes is currently being investigated and is not covered in this work. Figure (1,a -d) shows 4 di erent mesh con gurations over a unit square domain, used in this analysis.
Condition Number
To calculate the interpolating coe cients k , Equation (6) increases at a faster rate than 1 + r k . But the scaled linear function, 1 + r k =R has a relatively smaller condition number even for large matrix sizes. It is seen that the condition number is a very strong function of the number of interpolating nodes. From the matrix conditioning point of view, the scaled linear function is the best of the three RBF. But for practical DRM discretizations, a matrix size of more than (200 200) is not usually envisioned. For such a matrix size, no signi cant error is introduced due to the ill-conditioning of the interpolation matrices for any of the three RBF.
Interpolation Error
The interpolation characteristics of the thin plate spline is studied in comparison with the linear RBF for a test function, exp(?10x), which has a steep pro le in the increasing x direction. Many other functions were tested, but the results are not presented in this work.
Relative Error
Relative error is an estimate of the local error at a particular chosen point in the domain. The log-log plot of the % relative error in interpolation versus the degrees of freedom (number of interpolating nodes) is shown in Figure ( 3). The relative error in interpolation is de ned as, Relative Error = j f app ? f ex j j f ex j 100% (12) where f app and f ex are the approximate and the exact values of the test function computed at a particular node, called the evaluation point. The evaluation point is located at the center of the square formed by four interpolating nodes in the lower left corner of each of the mesh con guration as shown in Figure (1) . The evaluation point is chosen such that, the test function has large value at that point. Figure (2) shows that all the RBF converge to the exact solution as the number of interpolating nodes are increased and that the convergence is faster in the case of thin plate spline as compared to the linear and scaled linear functions. 
RMS Error
An overall estimator of the interpolation error is the root mean square (RMS) error. The RMS error is de ned 10] as,
ff ex;i ? f app;i g 2 (13) where M is the number of evaluation points in the domain. RMS error is a measure of the interpolation error over the entire domain. Figure (4) shows a logarithmic plot of the RMS error, for 441 equispaced evaluation points, versus the number of interpolation nodes. While the trend exhibited by all the three basis functions is similar, yet the thin plate spline has interpolated the data better than the other two closely agreeing functions. However, for constant and less steeply varying test functions such as exp(?x), the linear functions have better convergence rate. These results are not shown here for brevity. Hence, for steep functions thin plate spline has better interpolating properties while for functions which are not steep, the linear RBF seem to be better. A mathematical proof for this observation is still lacking.
Overall Error
Finally the overall error involved in transforming the domain integral to an equivalent boundary integral is examined numerically. It is this error, which is directly relevant in the DRM approximation rather than the interpolation error itself. The domain integral R Gexp(?10x) d is evaluated analytically as 0.01357, when the fundamental solution, G, is applied at the origin of the domain. Table (1) shows the values obtained by approximating this domain integral by a boundary integral using Equation (8) . The thin plate spline 
Convergence and Local Properties of RBF
For a particular RBF, if the function value at an evaluation point depends only on its neighboring interpolation nodes rather than the entire set of interpolation nodes then the RBF is said to have local behavior. The local behavior is an essential criteria for convergence, especially when interpolating steep functions. In order to examine the local behavior of the interpolation, it is desirable to express the interpolation in terms of the nodal values of the function rather than in terms of coe cients. Thus the interpolation formula in Equation (6) can be alternatively expressed as, (14) where where, ] ?1 is the inverse of the ] matrix de ned in Equation (10) (17) where, 1 and 2 are the regions of in uence and non-in uence respectively for an evaluation point and 1 + 2 = . The region of in uence, 1 , is de ned as an arbitrary local spatial region neighboring the evaluation point. The above two conditions also imply that, X i2 N i ! 1 (18) This summation is exactly equal to 1 if the evaluation point coincides with the interpolation point. At any other point, this quantity will not be exactly equal to 1 and the deviation is an indicator of the interpolation accuracy. For example, for a constant test function (f = constant), the deviation from 1 is a direct measure of the interpolation error. To illustrate the local behavior of the basis functions, consider Figure (1-c) , where the smallest square in the lower left corner of the domain is considered to be the region of in uence, 1 , for the evaluation point (0:1; 0:1). The N i for all the 4 nodes in the region of in uence and a few other nodes in the region of non-in uence are shown in Table 2 . It is clear that the nodes in the immediate neighborhood of the evaluation point has higher weightage and the nodes far away from it have no in uence at all. Further, the convergence property of the three basis functions is seen as the summation of N i over the whole domain is close to 1. The deviation from 1 is lesser for the linear functions than for the thin plate spline which accords to the earlier observation that for constant functions the linear RBF exhibit least interpolation error. The e ect of increasing the number of interpolating nodes on the convergence of the RBF is examined next. The summation of N i for a uniform mesh of 121 interpolating nodes with an evaluation point at (0:05; 0:05) and 441 interpolating nodes with an evaluation point at (0:025; 0:025) is shown in Table ( 3). It is observed that, as the number of interpolating points are increased, the summation of N i converges to 1. For large number of interpolation points (441), all the basis functions behave identically. So far the analysis of the N i functions has been limited to a single evaluation point. To examine the convergence property of the RBF in the entire domain, P i2 N i is calculated for several evaluation points and averaged over the domain. The midpoints of all the smallest squares formed by the interpolation nodes in Figure (1a-d) are taken to be the evaluation points. Table ( (19) where c is the concentration of the di using species. k is a constant, which is proportional to the ratio of the reaction rate constant to the isotropic di usivity of the reacting species. For small and moderate k, the concentration pro le is not steep inside the domain and a coarse discretization would yield accurate results, but for large k, the pro le is steep and ner mesh is required to capture the variation in the concentration inside the domain. The same con gurations as shown in Figure (1) are used in order to study the e ect of uniform mesh re nement on the DRM solution. Three cases are analyzed using the DRM; (i) k = 1, (ii) k = 12 and (iii) k = 100. For the linear reaction (n = 1), analytical solution is available, but for non-linear reactions (n = 2) and (n = 1=2), approximate one dimensional solution is used to compare the DRM results. Often the quantity of engineering interest is the normal concentration gradient of the di using species. In Tables (5) , (6) and (7), the normal gradient of the di using species along the side AB obtained by DRM is compared with the solution.
From Tables (6) and (7), it is clear that for intermediate and large values of k, i.e., k = 12 and k = 100 respectively, the thin plane spline produces results closer to the exact solution and hence is a better choice than the linear functions in DRM approximation. But, from Table (5) it is seen that for small values of k, i.e., k = 1, and coarse mesh discretization, the linear functions provide better results. This agrees with the observation in section 4.2.2. By performing non-uniform mesh re nement, the exact solution can be approached with lesser degrees of freedom which is not in the scope of the present work. A numerical analysis of RBF approximation needed in DRM for Poisson type equations is performed. Uniform meshes are used for examining the convergence and local properties of the RBF. A continuous, test function is used for the analysis and all the three basis functions considered in this study exhibit similar interpolation properties. For steeply varying test functions (e.g., exp(?10x)) the thin plate spline has the 7 References
